In this paper, we presented a second order accurate (in time) energy stable numerical scheme for the Fractional Cahn-Hilliard (CH) equation. Combining the convex splitting method, we applied the implicit backward differentiation formula (BDF2) to derive second order temporal accuracy, and we used the Fourier spectral method for space discrete to obtain the fully discretization scheme. Then we discussed the unique solvability and energy stability. A few numerical experiments were presented to conclude the article.
Introduction
The Cahn-Hilliard equation was introduced by Cahn and Hilliard in [1] to describe the complicated phase separation and coarsening phenomena in a solid [2] and then extended to many other physical phenomena, such as image processing [3] , planet formation [4] and so on, which are perhaps the most well-known of the gradient flow-type PDEs. Recent studies show that nonhomogeneities of the medium may fundamentally alter the laws of Markov diffusion, leading to long range fluxes, and non-Gaussian, heavy tailed profiles, and these motions may no longer obey the classical Fick's law. This phenomenon is called anomalous diffusion. Fortunately, fractional diffusion equations provide an adequate and accurate description of transport processes that exhibit anomalous diffusion. Subsequently, fractional diffusion equations have been applied in increasingly more applications [5, 6] . Bosch and Stoll [7] presented the fractional Cahn-Hilliard equation for gray value image inpainting.
In this paper, we focus on the following fractional-in-space Cahn-Hilliard (CH) equation 2 0 ( ) ( ( )) 0, (0, ]
For any 1 () uH  , the CH energy functional is given by
Our goal of this paper is to propose an unconditionally energy stable numerical algorithm for the fractional-in-space CH Eq. (1). The rest of the paper is organized as follows. In Section II, unconditionally energy stable numerical scheme is proposed for problem (1) , and the unique solvability and energy stability are discussed. Section III gives the Fourier spectral fullydiscretization scheme. The numerical results confirming the accuracy and efficiency of the proposed method are presented in Section IV. Finally, conclusion is drawn in Section V.
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The Semidiscrete Scheme
In this section, we present an unconditionally stable Fourier spectral method to simulate the asymptotic behavior of solution for the fractional Eq. (1). The proposed method is based on the BDF2 formula for temporal discrete.
In order to solve the Fractional CH equation accurately and efficiently, we use the convex splitting method [8] to split the energy functional (2) into two convex functionals.
The second order convex splitting BDF method can be written as
(4) the initialization step is as follows: given 0 u , find 1 u , such that
For the convex splitting BDF scheme (4)-(5), we have the following mass conservation. Theorem 1.
For any
This completes the proof.
Theorem 2. The convex splitting BDF scheme (4)-(5) is uniquely solvable for any time step 0   . Proof. Consider the following functional
It may be shown that 1 n u H   is the unique minimizer of () Gu if and only if it solves, for any 0 vH  ,
Because the functional G is strictly convex by Now we have the following unconditionally energy stability for the proposed scheme.
Theorem 3. Suppose that 1 n u  is a solution to (4)- (5) . The convex splitting BDF scheme (4)-(5) is unconditionally energy stable, meaning that for any time step size
Limited to space, we omit the details of the proof.
Fourier Spectral Fully-discrete Scheme
After discretizing governing equations in time as described in above section, now we will further give the fully-discrete scheme based on Fourier spectral method. Let ( 
Numerical Experiments
Accuracy Check and Convergence Test
We first consider the 2D problem on In order to verify the numerical accuracy, we choose different N  20,30,40,50,60,70,80, The ratio for the estimated space convergence rate can be written as Figure 1 shows the L  -and 2 L -errors with respect to various N . The results reveal that the space convergence of the proposed scheme is exponential convergence and independent with the fractional order  . Take different time step   1/200, 1/400, 1/600, 1/800, 1/1000, the estimated temporal convergence rate is written as Figure 2 shows the L  -and 2 L -errors with respect to various  . The results reveal that the temporal convergence rate of the convex splitting scheme is close to 2 and independent with the fractional order  . . The energy for can be calculated as Figure 3 shows the time evolutions of the energy functional for the fractional CH equation. It validates the proposed convex splitting scheme is energy stable. 
Simulations of Interaction Process of Two Air Bubbles
A numerical simulation result of a physics example is presented in this subsection. We simulate the interaction process of two air bubbles by using the proposed numerical scheme for the fractional Cahn-Hilliard equation. We take 0. Figure 4 presents time snapshots of the phase variable  . The interaction process of two air bubbles is clearly displayed for different fractional order  . 
Numerical Simulations of Coarsening Process
The coarsening process [10] is simulated in this subsection. We compare the numerical simulation result with the predicted coarsening rate using the proposed second order convex splitting BDF Fourier spectral scheme for the fractional Cahn-Hilliard flow. We take
and the random initial condition [11] 0 ( , ) (2 1) 0.02 [ 10, 10] 
where 0.5,0.75   respectively. Figure 5 presents time snapshots of the phase variable  . A significant coarsening process is clearly observed in the system. Next, we simulate a 3D coarsening problem described by 3 dimensional fractional Cahn-Hilliard equation using the proposed second order convex splitting BDF Fourier spectral scheme. We take 0.1, 64, 0.002 N      and the random initial condition 0 ( , , ) u x y z as (13). 
Conclusions
In this work, combined Fourier spectral method with convex splitting technique, a new numerical scheme for the approximation of the fractional-in-space CH equation is presented. The mass conservation, unique solvability and energy stability of the scheme are studied. The computations we performed demonstrated that this method is very effective and capable of giving very accurate and stable results.
